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Calcimine is a valuable by-product originating during the processing of cured hide
into leather. It is used as raw material in the production of gelatin and biodegradable
sheets. For further usage, it is necessary to remove calcium hydroxide from calcimine
by chemical deliming, which is, from the environmental protection point of view, the
most important stage of the entire deliming process. In this article, a mathematical
description of chemical deliming is proposed, based on the unreacted nucleus
approach. Numerical solution of the model is found, concentration fields of the react-
ing chemicals described, and the evolution of the acido-basic boundary inside calci-
mine shown. The model is used to justify a simplified way to determine the effective
diffusion coefficient of the deliming agent. The model can also be used as a basis for
optimization of the deliming process. VVC 2010 American Institute of Chemical Engineers
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Introduction

Limed collagen splits (hereafter referred to as calcimine)
represent a valuable by-product originating during the proc-
essing of cured hide into leather. It is produced in the
dehairing stage which follows the soaking operation. In the
dehairing process, sodium sulphide reduces cysteine—the
dominant amino-acid present in keratin—to cystine, which is
accompanied by the destruction of the keratin protein. The
result of the operation is the so-called white hide. The
dehairing process takes place in a strongly alkalic ambience

of calcium hydroxide (lime). After this stage, parts of white
hide are cut off in order to facilitate further mechanical
treatment of the dehaired hide. These so-called calcimine
splits become valuable raw material for the production of
gelatin and hide-mucilage.

Before being further processed, calcimine is soaked in
technological water containing detergents in order to remove
sodium sulphide. The soaking operation is followed by lim-
ing, which takes place in an aqueous solution of calcium hy-
droxide in underground concrete pits, to reduce the molar
mass of the collagen protein. The duration of this operation
is controlled by measuring the contents of amidic nitrogen.
Depending on the ambient temperature, liming may take
from 10 to 30 days. After the liming process, calcium hy-
droxide has to be removed from the calcimine. This is
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accomplished by decantation washing in water in several
steps, followed by chemical deliming, and further decanta-
tion washing of the neutral calcium salt. Chemical deliming
is performed because a certain amount of calcium hydroxide
in held in the calcimine by a chemical bond, this amount
cannot be removed by plain water washing.

From the environmental protection point of view, chemi-
cal deliming is the most important stage of the entire delim-
ing process. During this stage, strongly bound calcium hy-
droxide—present in the calcimine in the form of calcium
collagenate—reacts with an acid deliming agent to form a
neutral calcium salt, which is then removed by water wash-
ing. In practice, deliming agents can be divided to ammo-
nium based (the most common being ammonium sulphate)
and non-ammonium based. After an ammonium salt applica-
tion, the alkalinity of calcimine decreases from the original
value of pH ¼ 12 to values ranging from 8.5 to 7.5.1 Am-
monium-based deliming agents are very effective and cheap
but produce a large amount of ammonia that pollutes the
environment.2 For this reason, ammonium-based agents are
currently being substituted by nonammonium alternatives
which are included according to EU regulations in the cate-
gory of BAT (Best Available Techniques).3

According to Koopmann4 and Taylor et al.,5 ammonium
sulphate can be substituted by magnesium sulphate, or mag-
nesium sulphate in combination with sulphuric or hydrochlo-
ric acid. This results in the reduction of ammonia nitrogen in
sewage waters to 8% of the original level. Ammonium sul-
phate can also be substituted by magnesium lactate.6 Substi-
tution of ammonium sulphate by carbon dioxide appears to
be another promising technology.7 Deliming by carbon diox-
ide entails several advantages such as a substantial reduction
of sewage water pollution and easy manipulation (distribu-
tion and dosage technology for carbon dioxide is simple, sta-
ble, and easy to handle and automate). From the operating
cost point of view, carbon dioxide deliming technology is
comparable to ammonium based agents. Carbon dioxide
deliming, and other deliming agents based on the use of or-
ganic or inorganic acids (e.g., lactic or hydrochloric acids3)
are nowadays being recommended as promising technologies
and best alternatives for ammonium based deliming.5

Until recently, rationalization of natural polymers process-
ing, especially of collagen type, had been performed mostly
on the basis of direct experimental measurements and long-
time practical experience.8 This applies especially to the tan-
ning and leather manufacturing industry, where the applica-
tion of theoretical tools of chemical engineering is still rare.
Production concentration, rising prices of energies, auxiliary
agents and water, and especially strict environment protec-
tion requirements have forced researchers to deal with math-
ematical–physical description of individual operations and to
reduce demanding and often expensive experimental meas-
urements and especially their (often disputable) extrapolation
to industrial practice. The papers9–11 show the possibilities
of a successful application of mathematical modeling in the
tanning, leather manufacturing, and recycling processes. For
example in,12 mathematical model based on the principle of
a continuous reaction13 is used to solve the problem of a
concentration shock, which occurs during desalination of
cured hide and causes considerable damage of the collagen
fine structure.

In this article, mathematical simulation of calcimine
deliming is described by means of a unreacted nucleus
model. This model (usually called the Stefan problem in
mathematical physics, see e.g.,14) was first applied in the
field of chemical engineering by Levenspiel.13 Various forms
of the Stefan problem are being studied intensively, how-
ever, usually in connection with the non-linear behavior of
diffusion-reaction problems,15 or with the scaling and fractal
properties of the reaction front.16,17 A numerical solution of
a particular version of the Stefan problem is presented here,
together with its practical application in the optimization of
calcimine deliming. The methods used here are similar to
the approach adopted in,18 however, the model presented
in18 is much simpler (a semi-infinite domain, simpler bound-
ary conditions, no moving point source, etc.) From the theo-
retical point of view, the main asset of our contribution lies
in the boundary conditions, while most existing models
assume either constant (Dirichlet) or no-flux (Neumann)
boundary conditions, we allow the reaction-diffusion system
to exchange mass with the surrounding bath. This allows
modeling of closed systems, where the concentration of the
deliming agent in the bath gradually decreases. In this way,
not only savings in the deliming agent (usually hydrochloric
acid) can be achieved but also a considerable decrease in the
waste water burden with chlorides (the excess hydrochloric
acid must be neutralized for further procedure). Moreover,
we also model the production and diffusion of the neutral
salt, this presents a moving point-source problem. The pre-
sented model can be used to determine the diffusion Coeffi-
cient of the neutralizing agent, and possibly of the neutral
salt. The model is used here to verify various simplified
approaches (see Section Effective Diffusion Coefficient of
HCl) of parameters estimation. It can also serve as a basis
for the optimization of the deliming technology.

Physical Background and the Governing
Equations

This model deals with the mathematical description of the
process of chemical deliming of calcimine by hydrochloric
acid. Calcium hydroxide Ca(OH)2 is removed from calci-
mine by soaking in water solution of hydrochloric acid HCl.
The acid neutralizes calcium hydroxide as follows:

2HClþ CaðOHÞ2 �!CaCl2 þ 2H2O: (1)

The reaction is assumed to proceed instantaneously, when
compared with the speed of diffusion of the acid into the
hide samples. Consequently, the regions of the calcimine al-
ready reached by the diffusing acid contain no hydroxide.
The line of the hydroxide-acid boundary moves from the
surface of the sample towards the center. When the boundary
reaches the center of the sample, the process continues by
molecular diffusion of CaCl2 out of the sample and molecu-
lar diffusion of HCl into the sample. These two chemicals
are assumed not to interfere or react with each other.

For simplicity, we assume here that the calcimine samples
have the form of sheets. The sheets have a uniform thickness
of 2b (m). This allows us to use one-dimensional representa-
tion with the independent space variable being the sample
cross-section. We further use the apparent symmetry of the
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concentration field inside the sample and restrict ourselves to
one half of the cross-section (see Figure 1).

At time t ¼ 0, the sample contains calcium hydroxide at a
given concentration cHP. This concentrations is assumed to
be constant throughout the sample. The sample is placed
into a bath containing water solution of hydrochloric acid.
The bath is well-stirred thus we assume no concentration
gradients outside the sample. Consequently, concentration of
all the chemicals in the surrounding bath is a function of
time only. We further suppose that the concentration of any
chemical on the boundary of the sample at each moment is
equal to its concentration in the bath multiplied by the po-
rosity of the sample. The velocity of the free acid-hydroxide
boundary is proportional to the flux of the acid across the
free boundary.

For clarity of notation, we use the subscript H (hydroxide)
for calcium hydroxide, subscript A (acid) for hydrochloric
acid and subscript S (salt) for calcium chloride. Let us denote
by cH(t, x) (or cA(t, x) or cS(t, x), respectively) the concentra-
tion kg

m3

� �
of the hydroxide (or acid, or chloride, respectively)

at point x 2 (0, b) of the sample and time t 2 (0, 1). Denote
by cH tð Þ (or cA tð Þ or cS tð Þ, respectively) the concentrations of
the respective chemicals in the bath at time t. Denote further
by y(t) the position of the free acid-hydroxide boundary at
time t 2 (0, 1). For simplicity, we further assume that there
is a surplus of acid in the bath, so that all the hydroxide in
the sample will eventually be neutralized. Denote by T the
time when the acid-hydroxide boundary reaches the centre of
the sample. To prevent the model from getting too compli-
cated, we shall ignore diffusion of the hydroxide inside the
sample. The concentration field of the hydroxide can thus be
modeled in the following way:

cHðt; xÞ ¼ cHP for t 2 ð0;TÞ and x 2 ð0; yðtÞÞ;
cHðt; xÞ ¼ 0 for t 2 ð0;TÞ and x 2 ðyðtÞ; bÞ;
cHðt; xÞ ¼ 0 for t 2 ðT;1Þ and x 2 ð0; bÞ;
cHðtÞ ¼ 0 for t 2 ð0;1Þ;

where cHP denotes the initial concentration of the hydroxide in
the sample (cH and cH are defined above).

Diffusion of the acid inside the sample (between the
free boundary and the sample surface) is modeled by the
equation

@tcAðt; xÞ ¼ DA@
2
x cAðt; xÞ for t 2 ð0;1Þ and x 2 ðyðtÞ; bÞ;

(2)

where DA ðm2

s
Þ denotes the diffusion coefficient of the acid. All

the acid reaching the free boundary is neutralized by the
hydroxide. Thus the boundary condition at the acid-hydroxide
boundary, that is, the moving boundary, is

cAðt; yðtÞÞ ¼ 0 for t 2 ð0;TÞ; (3)

where T denotes the time when the free boundary reaches the
center of the sample. When this happens, Eq. 3 is replaced by
the requirement of the symmetry of the concentration field
inside the sample

@xcAðt; 0Þ ¼ 0 for t 2 ðT;1Þ: (4)

The acid concentration on the surface of the sample is
related to its concentration in the bath by the compatibility
condition

cAðt; bÞ ¼ ecAðtÞ for t 2 ð0;1Þ; (5)

where e[1] denotes the porosity of the sample boundary.
The porosity is assumed a constant. The flux of the acid
across the surface of the sample results in the decrease of the
acidity of the bath. The mass balance of the acid in the bath
leads to

1

2
V0@tcAðtÞ þ DAS@xcAðt; bÞ ¼ 0 for t 2 ð0;1Þ: (6)

where V0 (m3) stands for the volume of the bath and S (m2)
denotes the surface area of one side of the hide sample. (The
factor 1

2
is due to axisymmetry.) The initial concentration of the

acid in the bath is given by

cAð0Þ ¼ cAP: (7)

The flux FðtÞ kg
s

� �
of the acid across the free boundary into

the core of the sample at time t is given by

FðtÞ ¼ DAS@xcAðt; yðtÞÞ: (8)

This means the flux of

FðtÞdt
MA

moles of the acid during time interval dt, where MA
kg
mol

� �
denotes the molar mass of the acid. All this mass is
‘‘consumed’’ in the neutralization of the hydroxide according
to the reaction scheme (1), thus

FðtÞdt
2MA

(9)

moles of calcium hydroxide are consumed, which corresponds
to

MHFðtÞdt
2MA

(10)

kilograms. Here MH
kg
mol

� �
denotes the molar mass of the

hydroxide. If we assume that the concentration cHP of the

Figure 1. The geometry of the model.
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hydroxide is constant throughout the sample, the calculated
consumption corresponds to the shift of the acid-hydroxide
boundary by

dy ¼ MHFðtÞ
2MAcHPS

dt (11)

meters during the time interval dt. Expressing dy/dt from Eq.
11 and substituting for F(t) from (8), the velocity of the free
boundary is given by

@tyðtÞ ¼ dy

dt
ðtÞ ¼ � MHDA

2MAcHP
@xcAðt; yðtÞÞ for t 2 ð0;TÞ;

(12)

where T again denotes the time when the free boundary
reaches the centre of the sample. When this happens, Eq. 12 is
replaced by the obvious terminal state

yðtÞ ¼ 0 for t 2 ðT;1Þ: (13)

Recall that the free boundary moves toward the centre of
the sample, thus qty \ 0, whence the negative sign in Eq.
12. The initial condition for the free boundary reads

yð0Þ ¼ b: (14)

The initial condition for the acid concentration in the sam-
ple is zero.

Diffusion of calcium chloride inside the sample is mod-
eled by the equation

@tcSðt; xÞ ¼ DS @
2
x cSðt; xÞ þ Pðt; xÞ

for t 2 ð0;1Þ and x 2 ð0; bÞ; ð15Þ
where DSðm2

s
Þ denotes the diffusion coefficient of the

chloride and P t; xð Þð kg
m3s

Þ stands for the production term. Here,
we assume that the chloride is perfectly soluble and interacts
neither with the acid, nor with the hydroxide. By an analogy to
the derivation of the hydroxide consumption term, one easily
finds that the production of CaCl2 at point y(t) during time dt is
equal to

GðtÞ ¼ MSFðtÞdt
2MA

kilograms, where MS
kg
mol

� �
denotes the molar mass of the

chloride. Substituting from (8) and (11), we obtain

GðtÞ ¼ � ScHPMSdt

MH

@tyðtÞ:

This production is concentrated into the (infinitesimally)
thin region of the free boundary (y(t), y(t) þ dx) � S. Conse-
quently, the rate of the production of the chloride kg

m3s

� �
con-

verges in the continuous limit (dx ! 0) to

Pðt; xÞ ¼ � cHPMS

MH

@tyðtÞ d½yðtÞ�ðxÞ; (16)

where d(y) is the Dirac delta function centered at y defined by

d½y�ðxÞ ¼ 1 for x ¼ y;
0 for x 6¼ y;

�

Note that the dimension of d is (m�1) becauseR
R
d½y�ðxÞ dx ¼ 1:[1] Also note that P(t,x) : 0 for t 2 (T,1)

because qty(t) ¼ 0 after the free boundary has reached the
center of the sample.

The initial conditions are

cSð0; xÞ ¼ 0 and cSð0Þ ¼ 0 (17)

The symmetry of the concentration field in the sample is
again reflected by (see Eq. 4)

@xcSðt; 0Þ ¼ 0 for t 2 ð0;1Þ: (18)

The flux of the chloride across the boundary of the sample
is again modeled by the equation (see Eq. 6)

1

2
V0@tcSðtÞ þ DSS@xcSðt; bÞ ¼ 0 for t 2 ð0;1Þ: (19)

Compatibility of the concentration across the boundary is
ensured by (see Eq. 5)

cSðt; bÞ ¼ ecSðtÞ for t 2 ð0;1Þ: (20)

Dimensionless Formulation

It is convenient to express the above derived model
in dimensionless variables. However, we need to be
careful here: The dimensionless time is usually measured
in terms of the speed of diffusion, the Fourier criterion
reads

Fo ¼ Dt

b2

which poses the problem of which diffusion coefficient (DA

or DS) to take for D. We choose the first one, which
implies that the Fourier criterion will retain its physical
meaning only for the description of the acid concentration
field.

Let us define the dimensionless quantities in the following
usual way:

X ¼ x

b
and Fo ¼ DAt

b2
:

Consequently, the domains change according to the fol-
lowing scheme:

x 2 ð0; bÞ�!X 2 ð0; 1Þ;
and

t 2 ð0;TÞ�!Fo 2 ð0;FÞ t 2 ðT;1Þ�!Fo 2 ðF ;1Þ;

where F ¼ DAT
b2 stands for the dimensionless terminal time of

the free boundary movement. The dimensionless concentration
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fields are defined as follows:

CIðFo;XÞ ¼ cIðt; xÞ
cHP

and CIðFoÞ ¼ ecIðtÞ
cHP

;

where I stands either for A, H or S, as required. Observe that
all the dimensionless concentration fields arise by dividing the
real-world concentrations by the same value cHP which may
result in values exceeding the unity. Although this may be
unusual, it is practical for easy comparison of the three
dimensionless concentration fields. The dimensionless posi-
tion of the free boundary is defined by

YðFoÞ ¼ yðtÞ
b

:

Rewriting Eqs. 2–6 in the dimensionless variables, we
obtain

@FoCAðFo;XÞ ¼ @2
XCAðFo;XÞ

for Fo 2 ð0;1Þ and X 2 ðYðFoÞ; 1Þ; ð21Þ

CAðFo;YðFoÞÞ ¼ 0 for Fo 2 ð0;FÞ; (22)

@XCAðFo; 0Þ ¼ 0 for Fo 2 ðF ;1Þ; (23)

CAðFo; 1Þ ¼ CAðFoÞ for Fo 2 ð0;1Þ; (24)

@FoCAðFoÞ þ N1 @XCAðFo; 1Þ ¼ 0 for Fo 2 ð0;1Þ; (25)

CAð0Þ ¼ CAP (26)

with

N1 ¼ eV
V0

and CAP ¼ ecAP
cHP

;

where V (m3) denotes the volume of the sample. The
dimensionless free boundary motion is given by

@FoYðFoÞ ¼ � MH

2MA

@XCAðFo; YðFoÞÞ for Fo 2 ð0;FÞ;
(27)

with Y(0) ¼ 1 and Y(Fo) ¼ 0 for Fo 2 F ;1ð Þ:
Diffusion of the calcium chloride (Eqs. 15, 17–20) trans-

form to the dimensionless variables as follows: (Note that
d½yðtÞ�ðxÞ ¼ 1

b d½YðFoÞ�ðXÞ)

@FoCSðFo;XÞ ¼ DS

DA

@2
XCSðFo;XÞ � MS

MH

@FoYðFoÞð Þd½YðFoÞ�ðXÞ
for Fo 2 ð0;1Þ and X 2 ð0; 1Þ; ð28Þ

CSð0;XÞ ¼ 0 for X 2 ð0; 1Þ; (29)

CSð0Þ ¼ 0 (30)

@XCSðFo; 0Þ ¼ 0 for Fo 2 ð0;1Þ; (31)

CSðFo; 1Þ ¼ CSðFoÞ for Fo 2 ð0;1Þ; (32)

@FoCSðFoÞ þ N2@XCSðFo; 1Þ ¼ 0 for Fo 2 ð0;1Þ; (33)

with

N2 ¼ eVDS

V0DA

¼ DS

DA

N1:

Numerical Solution

In order to find the numerical solution of the model above,
we use the finite difference explicit scheme and discretize
both the dimensionless space and time variables. We use a
version of the standard front-tracking method.18

In each time step, we first move the free boundary (Eq.
27). The time-derivative is approximated by a forward dif-
ference

@FoYðFoÞ � ½Y�kþ1 � ½Y�k
dFo

;

where Yk denotes the position of the free boundary at k–th
dimensionless time level and dFo stands for the length of the
discretization step. The derivative of the concentration field at
point Y(Fo) is approximated by the difference

@XCAðFo;YðFoÞÞ �
½CA�kYposþ1 � ½CA�kYpos

dX
;

where CA½ �kYpos stands for the value of the dimensionless
concentration of the acid on the k-th dimensionless time
level at the node Ypos – the discretized position of the
free boundary. Thus, the position of the free boundary is
also discretized to fit the a-priori division of the interval
(0,1).

Next, new values of the surrounding concentrations CA

and CS are computed (Eqs. 25 and 33). The fluxes of the re-
spective substances across the boundaries are again approxi-
mated by forward differences, as above. Then, new values of
CA and CS on the boundaries are set (Eqs. 24 and 32).

Next, one step of diffusion is performed, both for the acid
and for the chloride, on the appropriate domains (Eqs. 21
and 28). The first derivative with respect to time is again
approximated by a forward difference and the second deriva-
tive with respect to space is approximated by a second order
central difference

@2
XCAðFo;XÞ �

½CA�kl�1 � 2½CA�kl þ ½CA�klþ1

dX2
;

where CA½ �kl denotes the value of CA on the k-th time level at
the l–the node of the division of the interval (0,1). In the
production term in Eq. 28, the Dirac delta function centered at
Y (Fo) is approximated by

d½YðFoÞ� � char½Y; dX�
dX

;

where char(Y,dX) stands for the characteristic function of the
interval (Y,Y þ dX). This approximation is represented by a
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vector of zeros with a single nonzero entry of value 1
dX at the

position Ypos.
This time loop proceeds until the free boundary reaches

the centre of the sample. Then, either the modeling stops or
plain diffusion of CaCl2 follows, which is trivial from the
numerical point of view.

To start this numerical process, we cannot begin with
Y(0) ¼ 1, because this would result in simulating the first
step of the diffusion on an empty set. We therefore set
Y(0) ¼ 1 � dX and prescribe CA(0,1) ¼ CA and CA(0,1 �
dX) ¼ 0. This represents an artificial additional amount of
acid in the system, which is, however, negligible for dX
small enough.

Experimental

In this section, we describe the experimental methods
used to measure or estimate the numerical values of the pa-
rameters of the model.

Initial concentration of calcium hydroxide
in calcimine

Several samples of calcimine of masses ranging from 2 to
5 grams were sliced and neutralized by boiling in diluted 1:
1 hydrochloric acid. After the sample had dissolved, the so-
lution was diluted and the concentration of calcium was
measured by direct atomic adsorption.

The initial concentration cHP of Ca(OH)2 in the calcimine
was found to be approximately 30 kg

m3

� �
:

Porosity

The porosity of calcimine was estimated by squeezing or
centrifuging the samples. It can be assumed that this process
removes all the water from the calcimine pores, allowing the
estimation of the porosity.

In this way, the porosity was estimated to be �50%, thus
e ¼ 0.5.

Effective diffusion coefficient of HCl

Let us assume again that the diffusion coefficient is small
enough. Then we can assume that the concentration field of
the acid inside a calcimine sample (between the acid-hydrox-
ide boundary and the surface of the sample) is linear (see
Figure 2). See also Figure 6 where the full solution of the
model is shown, observe that the departure from linearity is
not fundamental.

This assumption of linearity simplifies Eq. 12 (velocity of
the free boundary) substantially because the gradient of the
field cA can be expressed in the following way

@xcAðt; yðtÞÞ � ecA
b� yðtÞ :

With this approximation, Eq. 12 simplifies to

@tyðtÞ ¼ � MHDA

2MAcHP

ecA
b� yðtÞ ; (34)

(where we remind that MA and MH stand for the molar masses
of HCl and Ca(OH)2, respectively, cHP denotes the initial
concentration of the hydroxide in the sample, cA the
concentration of the acid in the surrounding bath, and e the
porosity of the sample.) Denote

L :¼ MH

2MA

ecA
cHP

and introduce a new variable

zðtÞ ¼ b� yðtÞ
so that

z0ðtÞ ¼ �y0ðtÞ:
Then Eq. 34 reads

z0ðtÞ ¼ LDA

z
with zð0Þ ¼ 0:

This differential equation can be solved explicitly to
obtain

zðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2LDAt

p
: (35)

This suggests that the dependence of z(t) on
ffiffi
t

p
is linear

and its slope can be estimated by the least squares method
from observation of the free boundary movement. Then we
can estimate the value of DA by

DA ¼ k2

2L
¼ MA

MH

k2cHP
ecA

; (36)

where k denotes the slope of the linear dependence of z(t) onffiffi
t

p
.
In the experimental setup, a sample of calcimine with the

initial concentration of calcium hydroxide of cHP ¼ 30 kg
m3

� �
was prepared. The porosity of the sample was again e ¼ 0.5.
The sample was placed into a 0.7% solution of HCl (thus,
cA ¼ 7 kg

m3

� �
). In regular time intervals, a slice 1 cm thick

was cut off the sample and taken out of the bath. The slice

Figure 2. The assumption of linearity of the acid con-
centration field.

The term y(t) denotes the position of the free acid-hydroxide
boundary, and b denotes half of the sample cross-section.
The values of concentration across the boundary satisfy the
compatibility condition (5). Compare to Figure 6.
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was quickly brushed with an ethanol solution of phenol-
phthalein and photographed (see Figure 3).

The linear regression of z(t) against
ffiffi
t

p
(see Figure 4) pro-

vides the estimate

k ¼ 0:2566
mmffiffiffiffiffiffiffiffi
min

p

with the confidence interval being (0.1872, 0.3260). This
makes

k2 ¼ 1:10� 10�9 m2

s
;

and, according to (36),

DA ¼ 4:64� 10�9 m2

s
:

Results

Let us now perform the numerical solution of the model
using the estimated data. The following parameters were
used:

DA ¼ 4:64� 10�9 m2

s
; DS ¼ 3� 10�10 m2

s
;

e ¼ 0:5; b ¼ 0:005m;

V ¼ 5m3; V0 ¼ 5m3; cAP ¼ 100
kg

m3
; cHP ¼ 30

kg

m3
;

MH ¼ 74:1
kg

kmol
; MA ¼ 36:5

kg

kmol
; MS ¼ 111

kg

kmol
:

Figure 3. The evolution of the acid-hydroxide free boundary.

Figure 4. Linear regression: Estimation of the slope of
the linear dependence of z(t) on

ffiffi
t

p
.

(Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.)
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The diffusion coefficient DS of CaCl2 was estimated using
the Nernst-Haskell equation19 with the use of the values of
limiting ionic conductance for cations and anions from the
Chemical Engineer’s Handbook.20 This makes the dimen-
sionless constants equal

N1 ¼ 1

2
; N2 ¼ 3:2328� 10�2; CAP ¼ 5

3
;

DS

DA

¼ 6:4655� 10�2;
MS

MH

¼ 1:4980:

The parameters of the discretization were chosen to be

dX ¼ 5� 10�3; dF ¼ 2� 10�6:

This corresponds to the division of the interval (0, 1) into
200 segments each 0.025 mm of real length. The time step
corresponds approximately to 0.01 sec. The results of the nu-
merical model are shown in Figures 5–7.

Discussion and Conclusions

It has been shown that even such complex processes as
transport of chemicals in a natural polymer accompanied by
a chemical reaction allow a reasonable mathematical descrip-
tion. The mathematical model allows the prediction of T (the
terminal time when the acid reaches the center of the sam-
ple). However, calibration of the model on real data would
be needed (the values of the DA and DS need to be fitted).
This was not the purpose of this article. On the other hand,
we have shown that this full model justifies the usage of a
simplified way to determine the effective diffusion coeffi-
cient (see Section Effective Diffusion Coefficient of HCl).
The values of the coefficient DA calculated from the experi-
mental data by means of the simplified model are compara-
ble with the values calculated for an infinite dilution accord-
ing to the Nernst-Haskell equation19 with the use of the val-

ues of limiting ionic conductance for cations and anions
from the Chemical Engineer’s Handbook;20 the calculated
value is equal to 3:31� 10�9 m2

s

� �
.

To control the deliming process, it is necessary to be able
to experimentally track the acido-basic boundary as well as

Figure 5. Evolution of the free boundary position (its
distance from the center of the sample).

The boundary separates hydroxide-soaked core of the sam-
ple from the already neutralized outer layer. (Color figure
can be viewed in the online issue, which is available at
www.interscience.wiley.com.)

Figure 6. Evolution of the HCl concentration field
inside the sample. The position of the moving
free boundary is indicated by the zero values
of the concentration.

The dimensionless time-interval between successive lines is
0.04 which corresponds approximately to 3.6 min. The
fields with smaller gradients correspond to later times, thus
time ‘‘increases from the right to the left’’. (Color figure
can be viewed in the online issue, which is available at
www.interscience.wiley.com.)

Figure 7. Evolution of the CaCl2 concentration field
inside the sample.

The position of the moving free boundary is indicated by
the peaks which correspond to the production of the salt at
the point of the contact of the acid with the hydroxide (at
the free boundary). The dimensionless time-interval between
successive lines is 0.04 which corresponds to 3.6 min. As
time increases, the peaks move toward the center of the
sample. (Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.)
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the concentrations of the reacting chemicals, the deliming
agent (HCl in our case) and the neutral salt (CaCl2). In prac-
tice, it is required that water pollution is minimized. The
proposed mathematical model helps us to keep all these
aspects and parameters under control. For example, evolution
of the acido-basic boundary presented in Figure 5 shows the
course of the transformation of alkalic calcimine into an
acidic region. This is necessary for acidic swelling which
enables optimal extrusion, for example, in the production of
biodegradable sheets. The model may provide information
about the time-dependence of the reaction, thus enabling us
to estimate the final production of swollen calcimine. Opti-
mal reaction time is given by two mutually opposite con-
straints; on one hand, the deliming process is required to
proceed quickly, which demands higher concentrations of
the deliming agent, on the other hand, high concentrations of
the deliming agent result in the production of undesirable
neutral salts which pollute the waste waters. Rationalization
of the deliming process means the search for the equilibrium
between the two above mentioned constraints and the pre-
sented mathematical model together with its numerical solu-
tion can serve as a basis for the achievement of this equilib-
rium.

The quantitative description is general enough, so that any
deliming agent (the most commonly used are mentioned in
the Introduction) can be used. Deliming with hydrochloric
acid (modeled here) is an example of a nonammonium based
deliming process. The advantage of this technology is espe-
cially low price of the chemical; however, the technology
brings a major environmental problem concerning an exten-
sive burden of waste water contaminated with chlorides. It is
necessary to minimize the consumption of hydrochloric acid
in the deliming process so that the concentration of chlorides
does not exceed the limits allowed by national or interna-
tional regulations. The presented model can also be used as
a basis for such optimization.

To avoid the pollution of waste waters with chloride
anions, other deliming agents can be used such as lactic
acid, which is, however, considerably more expensive. The
consumption of lactic acid then needs to be minimized. In
this case, the cleaning (dechlorination) costs and the delim-
ing agent price represent the two competing constraints. In
practice, our results were applied in the deliming of white
hide in commercial tanneries,21 however, the optimization
process was mainly based on long-time practical experience.
The mathematical model, its numerical solution and its con-
sequences are presented here for the first time. Optimization
of the production of high-quality gelatin and biodegradable
sheets based on the presented model is currently being used
by a commercial company.
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Notation

t ¼ time (s)
x ¼ space/position (m)

b ¼ half-thickness of the sample (m)
cI(t, x) ¼ concentration of substance I inside the sample. I

stands for A (hydrochloric acid), H (calcium
hydroxide), or S (calcium chloride), as required.
kg
m3

� �
cI tð Þ ¼ concentration of substance I in the bath (I has the

same meaning as above) kg
m3

� �
DI ¼ effective diffusion coefficient of substance I�

m2

s

�
MI ¼ molar mass of substance I kg

mol

� �
y(t) ¼ position of the acid-hydroxide interface, that is, the

free boundary position (m)
T ¼ the terminal time (when the free boundary reaches

the center of the sample) (s)
e ¼ porosity of the sample surface (1)

V0 ¼ volume of the bath (m3)
V ¼ volume of the sample (m3)
S ¼ surface area of the sample (m2)

cAP ¼ initial concentration of the hydrochloric acid in the
bath kg

m3

� �
F(t) ¼ flux of the hydrochloride acid across the free

boundary kg
s

� �
cHP ¼ initial concentration of the calcium hydroxide in

the sample kg
m3

� �
P(t, x) ¼ rate of production of calcium chloride in the

sample kg
m3s

� �
d(y)(x) ¼ Dirac’s d- function centered at y 1

m

� �
Na ¼ soaking number (1)
Fo ¼ dimensionless time (1)
X ¼ dimensionless position (1)

CI;CI ¼ dimensionless version of cI and cI (1)
F ¼ dimensionless version of T (1)
Y ¼ dimensionless version of y (1)

dX ¼ dimensionless space discretization step (1)
dFo ¼ dimensionless time discretization step (1)

L, G, N1, N2, z, k ¼ auxiliary variables
qt, qx, qFo, qX ¼ partial derivatives

Y½ �kl ¼ discretized quantity Y evaluated at the k–th time
level at node l.
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